The relationship between T T deformations and the uniform light-cone gauge, first noted in arXiv:1804.01998, provides a powerful generating technique for deformed models. We recall this construction, distinguishing between changes of the gauge frame, which do not affect the theory, and genuine deformations. We investigate the geometric interpretation of the latter and argue that they affect the global features of the geometry before gauge fixing. Exploiting a formal relation between uniform light-cone gauge and static gauge in a T-dual frame, we interpret such a change as a TsT transformation involving the two light-cone coordinates. In the static-gauge picture, the T T CDD factor then has a natural interpretation as a Drinfel'd-Reshetikhin twist of the worldsheet S matrix.
Introduction
The study of two dimensional quantum field theories (QFTs) plays an important role in our understanding of condensed-matter system, of string theory-where the string worldsheet is two-dimensional-and of QFT in general, providing useful toy models that may capture interesting physical features of higher-dimensional theories. Even among two-dimensional models, only some rather special theories can be understood in full detail, usually because they enjoy additional symmetries such as conformal invariance or integrability. Given such an exactly solvable theory, it is interesting to try and deform it in such a way as to maintain its exact solvability. A rather general class of such deformations can be constructed out of the conserved currents of a theory. Perhaps the most famous example is the marginal deformation of a conformal field theory (CFT) by a composite operator constructed out of one chiral and one anti-chiral current-a JJ deformation. Relevant deformations of CFT are also interesting, as they generate a renormalisation group flow and can give rise to families of integrable theories.
More recently, irrelevant deformations have been considered, most notably the so-called T T deformation. This deformation can be constructed for any two-dimensional Poincaré-invariant QFT-conformal, integrable, or not-and it is sourced by the determinant of the stress-energy tensor, det[T αβ ] = T 00 T 11 − T 01 T 10 [1] . Interestingly, this deformation acts in a simple way on the spectrum of the original theory: each energy level evolves according to an ordinary differential equation (ODE) [2, 3] . In a similar way, the classical Hamiltonian and Lagrangian obey an ODE in the space of fields, which can be often solved in closed form [3, 4] . Over the last three years, T T deformations of a number of integrable [3, 5, 6] , as well as of more general [7] [8] [9] [10] theories have been considered. 1 A particularly striking link emerged between string theory and T T deformations, fueled by the initial observation that the T T deformation of a theory of free bosons is related to strings in flat space [3] , see also refs. [30, 31] . It was subsequently understood [24] that the link between strings and T T deformations is much more general and becomes particularly transparent in the uniform light-cone gauge of refs. [32] [33] [34] , see also ref. [35] for a pedagogical review. In fact, this framework can be used as a powerful technique to generate T T -deformed actions: finding the deformed Hamiltonian requires solving an algebraic equation rather than an ODE [11, 36] . Moreover, this approach can be even applied to much more general current-current deformations [37] , of the type considered in refs. [38] [39] [40] [41] [42] [43] [44] .
It is this link with string theory in uniform light-cone gauge that is the focus of this paper. In a nutshell, given a two-dimensional model with D fields which we want to deform, we uplift it to a reparametrisation-invariant model with D + 2 fields by adding two "longitudinal" coordinates-two bosonic fields X ± invariant under shifts X ± → X ± + δX ± . Then, gauge fixing yields back the original model. In uniform light-cone gauge, a change of gauge frame mimics the T T of the original Hamiltonian density. This can be seen from the fact that the volume R of the gauge-fixed model depends on the gauge-frame parameter a as R = R 0 + a H w.s. ,
where H w.s. is the energy of the two-dimensional theory (in string-theory language, the worldsheet Hamiltonian). This is the same dependence observed in T T -deformed theories [2, 3] . The Hamiltonian density of H w.s. also depends on a, precisely in such a way that the a dependence cancels in physical quantities such as the spectrum. It is then important to distinguish between gauge-frame changes, that do not affect a theory, and genuine deformations. In the latter the change of the Hamiltonian density is not compensated by a redefinition of the worldsheet length, and hence the spectrum changes like in T T deformation. We consider this case and investigate the effect of such a deformation on the uplifted geometry. We will argue that such a deformation does not affect the geometry locally, but does so globally. We will see that, exploiting a formal relation between uniform light-cone gauge and static gauge [45] , we can make the geometric interpretation of the deformation more transparent, and recast it as a T-duality-shift-T-duality (TsT) transformation [46] involving the two longitudinal coordinates. Indeed, in a string sigma model, such TsT transformations can equivalently be understood as a twist of the boundary conditions of the involved coordinates [47] [48] [49] , rather than a genuine modification of the local geometry. For integrable models, such a twist of the boundary conditions results in a twist of the Bethe-Yang equations [50] . Equivalently, from the point of view of the deformed geometry, a TsT transformation leads Drinfel'd-Reshtikin twist [51, 52] of the worldsheet S matrix [53] . Taking this view, we can interpret the CDD factor [54] arising from T T deformation [2, 3] as such a Drinfel'd-Reshtikin twist on the Cartan charges corresponding to the two longitudinal directions. This reinforces the identification between T T deformations and gauge fixing. In fact, the T T CDD factor can be taken as a definition of such a deformation, at least in an integrable theory [3] . This paper is structured as it follows. In section 2 we review is some detail the uniform light-cone gauge and its relation with T T deformations. In section 3 we discuss the geometrical interpretation of such deformations, the relation to TsT transformations, and the interpretation of the CDD factor as a Drinfel'd-Reshtikin twist. In section 4 we exemplify our arguments on a simple class of pp-wave backgrounds, and we present some concluding remarks in section 5.
T T deformations and uniform light-cone gauge
The relationship between T T deformations and uniform light-cone gauge 2 has been first noted in ref. [24] and subsequently exploited to construct T T -deformed Lagrangians, see ref. [11] and in particular [36, 37] . Even if this construction is fairly well-known in the literature, let us briefly review it for the sake of being self-contained.
Uniform light-cone gauge
We consider a non-linear sigma model with metric G µν (X), where X collectively denotes all the fields, and B-field B µν (X). The metric part of the action is coupled to a twodimensional metric γ αβ , which we take to have unit determinant. By construction, the theory is invariant under re-parametrisations at the classical level. For the moment we will be interested in the classical theory, and we will not assume that the metric and B-field describe a string background. We will however assume that the metric has at least two shift isometries: one for a time-like coordinate which we denote by t, t → t + δt, and which yields the target-space energy E, and one for φ → φ + δφ, which yields some (angular) momentum J.
All in all we have
The minus sign takes into account that the worldsheet metric has signature (−, +). It is convenient to introduce the momenta p µ , which are canonically conjugated to X µ :
where we introduced the notationX ν ≡ ∂ σ X µ . By Noether's theorem we immediately get two conserved charges
An advantage of the first order formalism is that the action takes the form 4) where the worldsheet metric takes the form of a Lagrange multiplier and yields the two Virasoro constraints:
where we suppressed the dependence of the (inverse) metric and B-field on X µ .
Choice of the light-cone coordinates. We can use the two isometric coordinates (t, φ) to construct the coordinates that we will use in the gauge fixing. A very natural choice is to define two light-like coordinates X ± , by
However, it is convenient to generalise this choice by introducing two parameters
so that we have
Let us note that if b = 1, then p + ∼ p φ , independently from p t . We will see below that this case is pathological, so that we shall always assume
Uniform light-cone gauge fixing. The uniform light-cone gauge is fixed by the conditions
which identify the worldsheet time τ with a particular target space direction, X + , and at the same time imposes the momentum density for p − to be constant. The choice of this constant is a matter of future convenience; for the moment we note that it is compatible with our requirement (2.9). It is then possible to eliminate the two remaining longitudinal degrees of freedom X − and p + by using the Virasoro constraints (2.5), obtaining
while C 2 = 0 gives a quadratic equation for p + (which may degenerate into a linear equation should G ++ = 0 for some particular choice of a, b). We have not found an expression for X − itself, but only for its σ-derivative; this is expected, as the action does not depend directly on X − as this is an isometric coordinate. We have however to require that X − satisfies appropriate boundary conditions, which we take to be periodic, 3
In the last step we have identified the integral with the total momentum on the worldsheet P w.s. ; Noether's theorem shows that −p iX i is precisely the charge density for the symmetry σ → σ + δσ. Indeed (2.12) is nothing else but the level-matching constraint. Finally the action (2.4) becomes
where we dropped a total τ -derivativeẊ − . Hence we identify the worldsheet Hamiltonian H w.s. with −p + ,
which is expected because H w.s. is canonically conjugated to τ and hence to X + . As for p − we find that in this gauge
To conclude, it is useful to make explicit the relations between H w.s. , R with E, J in terms of the parameters a, b introduced in (2.7).
We see here that b = 1 is a singular choice, as we would be matching the worldsheet Hamiltonian with the potentially quantised (angular) momentum J. Finally note that, unless a = 0, the volume R in which the theory will be quantised will be state-dependent, namely it will depend on the energy of each given state. This is of course a first indication of a relation with T T deformations, as discussed already in ref. [24] and as we shall review in the next section.
Some choices of the parameters a, b. Let us briefly comment on some features of this gauge choice which may appear a little unconventional. First of all, the parameter b allows us to change the relation between the worldsheet Hamiltonian H w.s. and the target-space energy E. Properly speaking, uniform light-cone gauge corresponds to the choice where H w.s. is the light-cone Hamiltonian, H w.s. = E − J. 4 This can be simply achieved by setting b = 1/2:
Let us also mention another particular choice of b, that is b = 0, which allows to identify the worlsheet Hamiltonian with E. We then have
In either case, the choice a = 0 is particularly simple in that the volume of the theory is fixed in terms of the charge J, and hence does not depend on the state-or more precisely, different choices of J yield different superselection sectors that may be studied separately.
Changing the gauge frame
Let us now review the relation between the light-cone gauge introduced above-in particular, the parameter a introduced in (2.7)-and T T deformations. This was first discussed in [24] and subsequently in greater detail in [36] , building on the extensive existing literature on the uniform light-cone gauge [32] [33] [34] [35] .
Changes of gauge frame and the Hamiltonian. Varying the parameters a and b introduced in (2.7) must not have any physical consequence. It is simple to understand this for a variation of b, with a fixed. Such a change of course modifies the spectrum of H w.s. . However, it will not affect the spectrum of E, defined through (2.16)-it is quite simply a linear redefinition of the operator whose spectrum we are computing. Things are a little more subtle when varying a (keeping b fixed for simplicity). In that case, we have seen that R varies; it is also not hard to see that the Hamiltonian density −p + (X i ,X i , p i ) also depends explicitly on a. Hence we must have, formally
This property is well-known in the context light-cone gauge-fixed strings [35] , and has also been verified perturbatively for a number of models, see e.g. [27, 55, 56] .
Changes of gauge frame and the S matrix. It is instructive to consider the condition (2.19) for theories that whose spectrum can be described in terms of a factorised S-matrix, which is the context where the uniform gauge was originally proposed [34] . This means introducing particles corresponding to the fields X i having worldsheet momentum p and energy ω i (p). 5 Then, the interactions of H w.s. are captured by the S matrix, and if this is factorisable it is sufficient to consider the 2-to-2 scattering matrix S
, which depends on a, like H w.s. . The idea is that the energy of a state with momenta p 1 , . . . p M can be computed in the asymptotic states, when all particles are approximately free and
In finite volume R the momenta are quantised, as prescribed by the Bethe-Yang equations, which we write down under the assumption that the scattering matrix is diagonal 6
Already in ref. [61] it was argued that the a-dependence of the S-matrix should take the form S
This is indeed a "CDD factor" [54] , meaning that it solves the homogeneous crossing equation, regardless of the specific form of ω i (p). Then, using that P w.s. = 0 we have
which indeed is a-independent. 7 
T T deformations vs. gauge-frame choices
Having reviewed some well-established properties of uniform light-cone gauge it is now easy to see the relation with T T deformations [24, 36] . First of all, the dependence of the volume R on the energy H w.s. is precisely such as to reproduce the Burgers equation [2, 3] . Secondly, the phase factor Φ(p j , p j ) is precisely the T T "CDD factor" of refs. [3, 30, 31] . Indeed for a relativistic theory with p = m sinh θ and
What is important to note is that the change of gauge frames described above do not generate a new theory; indeed we have stressed that a change of a does not 5 The worldsheet momentum p should not be confused with the conjugate momenta pµ. The index i denotes the flavour of the particle. 6 Non-diagonal S matrices can diagonalised by nested Bethe ansatz, leading to the same conclusion. Note also that the exact spectrum will also have to account for finite size effects of the type of refs. [57, 58] , which can be accounted for by the thermodynamic Bethe ansatz [59, 60] . 7 Strictly speaking the Bethe-Yang equations describe the spectrum only approximately-up to finitevolume corrections. This argument can be straightforwardly repeated at the level of the mirror thermodynamic Bethe ansatz which describes the true finite-volume spectrum.
affect the spectrum of H w.s. , see eq. (2.19). What would generate a deformation of the T T type is to deform the Hamiltonian density −p + (X i ,X i , p i ; a) by tuning a, without redefining the volume R accordingly. It is in this sense that the light-cone gauge a-dependent frame may be used to generate T T deformed Hamiltonian and Lagrangian densities [11, 36] , as well as to study more general deformations [37] . In a similar way, a variation of the frameparameter b also induces a deformation if we vary the Hamiltonian density −p + (X i ,X i , p i ; b) without changing the relation between H w.s. , E and J of eq. (2.16).
Our next goal will be to understand such deformations, and in particular those related to a, in geometric terms. Let us introduce an ad-hoc notation to denote deformations (as opposed to changes of the gauge frame), 25) meaning that δa and δb are deformation parameters, which generate genuinely new theories.
In particular, the parameter δa is proportional to the T T deformation parameter.
Deformed backgrounds from T T
In the previous section we reviewed how we can describe the T T deformation of a bosonic theory by coupling it to two additional isometric coordinates t and φ and endowing it with parametrisation invariance. Then the T T -deformed Hamiltonian (or Lagrangian) density may be obtained from gauge fixing this parent theory and varying the gauge-frame parameter a while keeping the worldsheet size R fixed. 8 A natural question is what is the geometrical interpretation of the deformed parent theory. For instance, let us take a string background, fix uniform light-cone gauge, and then vary the parameters a, b in −p + (X i ,X i , p i ; a, b) but not in eq. (2.16). What geometry would lead to such a gauge fixed theory? In order to address this question it will turn out to be convenient to exploit a formal relationship between uniform light-cone gauge and static gauge.
T T deformations as a coordinate shift
Let us begin by considering the T T deformation in terms of reparametrising the light-cone coordinates. The effect of changing a and b in our light-cone parametrisation amounts to
where the X ± on the right hand side are our new light-cone coordinates. It may seem that such a redefiniton is trivial. Indeed this linear map is certainly a local diffeomorphism. Hence locally the new metric that we obtain from such a shift will be equivalent to the original one. This does not mean that the geometry will be the same globally, unless we also modify the boundary conditions of the field X ± according to the shift (3.1), and unless we redefine the interpretation of the charges P ± too. Just shifting the coordinates would hence result in a different spectrum for the gauge-fixed theory. It is instructive to work this out in some detail for some simple geometries, such as pp-wave or even flat space. We will do so in section 4. Here below we discuss a more general and transparent way to understand the geometric effect of the shift (3.1). To this end, we will exploit a formal relation between the uniform light-cone gauge and the static gauge [45] .
From uniform light-cone gauge to static gauge
In the Hamiltonian or first order formalism one fixes a light-cone gauge by fixing X + = τ and p − = (1 − b) −1 , as in eq. (2.10). Alternatively, as shown in [45] , we can obtain the same result, by T dualising the action in X − , integrating out the world-sheet metric, and fixing X + = τ and the T-dual coordinateX − = σ/(1 − b), i.e. fixing a static gauge. Let us briefly review why this is the case. To perform T duality in the X − direction we gauge the shift symmetry for X − , replacing
in the Lagrangian, and adding the term
where the Lagrange multiplier field X − ensures that A α is flat and hence pure gauge.
Integrating out X − gives back the original Lagrangian, while integrating out A α gives the Lagrangian of the T-dual model. Upon integrating out A α we in particular need to take into account the equation of motion for A τ
where p − is the momentum conjugate to the original light cone coordinate X − . We see that the gauge condition p − = 1/(1 − b) translates to 5) in the T-dual picture. The range of σ in the T-dual picture is fixed by the requirement that X − winds an integer number of times. This matches with the intuition that T duality interchanges winding and momentum modes, so that a vacuum with non-zero momentum P − along X − has non-zero winding along X − . On the other hand, since we considered no winding along X − in the original theory, we will have no momentum along P − . To understand the physical meaning of P − we recall thatp − is canonically conjugated tõ X − ∼ σ. Indeed using the Virasoro constraint C 1 we have 6) so that a state with zero-winding in the original theory is level-matched in the T-dual description. In summary, fixing a uniform light-cone gauge is equivalent to T dualising in X − and fixing a static gauge instead. This procedure has been applied in setups of increasing generality in [55, 62, 63] .
T T in the T-dual picture
Now let us compare light-cone gauge fixing with two different choices of 'gauge' parameter from the T-dual perspective, having in mind to keep R fixed. Starting with a parent theory T (a, b) with gauge parameters a and b, we can T dualize in X − to obtain a dual model, T (a, b), whose static gauge version is equivalent to the light-cone gauge version of the original. In the parent theory we can vary our choice of gauge parameters, where a →ā = a − δa and b →b = b − δb, corresponds to the coordinate redefinition (3.1). In this resulting theory, we can fix a light-cone gauge with respect to our new light-cone gauge coordinates, and again view this from a T-dual perspective. All in all this gives us two theories that in the static gauge are related by a change of the gauge parameters a and b:
where all arrows can be traversed oppositely as well of course. Clearly, T (a, b) and T (ā,b) are related by a T duality inX − , followed by the coordinate redefinition (3.1), followed by another T duality in X − . If we specialise this to the case corresponding to a T T transformation only, i.e. δb = 0 and b =b = 1/2, the transformation (3.1) is simply a shift,
Hence the diagram above yields precisely a T-duality-shift-T-duality (TsT) sequence:
As we remarked, changing the light-cone gauge parameters while keeping the string length fixed-a T T deformation-results in a change of the original background that is rather subtle, as it affects the global aspects of the geometry. However, things simplify considerably by T dualising and viewing the TT deformation as a TsT transformation. In the TsT picture, the deformation is a true deformation of the metric, and cannot be removed by a diffeomorphism (at least in general). This gives us a family of backgrounds, which in static gauge manifestly give us a Lagrangian density equal to the TT deformation of the original light-cone gauge fixed string. If we treat the parameter in this family of backgrounds as a gauge parameter, i.e. we also vary the string length (P − = P − (a)), we do nothing. In the dual picture, we would have to adjust the periodicity conditions of X − , because here R is related to the range of X − , and momentum becomes winding:
This is in agreement with the fact that a TsT transformation can be undone by a twist of the boundary conditions of the coordinates involved [47] , and in line with our expectation that only global features of the geometry are affected. Here, the nontrivial metric deformation is exactly what we want to keep. In other words, doing a T T deformation instead of a gauge transformation from the T-dual perspective amounts to redefining the metric without keeping track of any twist of the boundary conditions. Hence the TsT approach makes more manifest the geometrical effect of a T T deformation.
TsT and boundary conditions
As we mentioned, it is well established that a TsT transformation of a sigma model is classically equivalent to twisting the boundary conditions of the sigma model before the TsT transformation [47] [48] [49] . These twisted boundary conditions affect the fields associated with the TsT transformation, in our case X + and X − . Concretely a TsT transformation of the type (3.9) corresponds to the boundary conditions
Such a twist of the boundary conditions can usually be equivalently viewed as a Drinfel'dReshetikhin twist [51, 52] of the S matrix, of the form 12) for some γ ∈ R and depending on the CartansQ j relative to the twisted coordinates. This picture, and the effect of this twist, is quite clear when such Cartans act linearly on the particle of the theory; in the simplest case, they correspond to the particle flavours, andQ j is proportional to the number operator for a given particle flavour. In our case the situation is not as transparent, because the charges corresponding to P + and P − are not number operators in the Fock space. In general, the charges corresponding to the longitudinal isometries may not be linearly realised on the Fock space. However for our particular gauge choice, both P + and P − act diagonally on a single-particle state. To evaluate the value of P + and P − on a one-particle state of momentum p j we have to recall the static-gauge fixing, which for b = 1/2 takes the form X + = τ ,X − = 2σ. Then as we have seen in eqs. (2.13) and (3.6) we have that H w.s. = −P + and P w.s. = 2P − , so that
Based on this, we expect the S-matrix to undergo a Drinfel'd-Reshetikhin twist of the form (3.12). Considering for simplicity an S matrix of the form (2.22) such a twist would
(3.14)
We see that this precisely matches the CDD factor (2.23).
An example
Let us illustrate the ideas discussed above on an example. We consider the pp-wave metric, of the form
We will consider the case where the theory has a quadratic action and is hence solvable, which is the case when
In practice we could complete this to a supersymmetric model, as well as possibly include a non-trivial B-field with H = dB = C ij dX + ∧ dX i ∧ dX j , 9 but we will refrain doing so to avoid cluttering our analysis. In fact, our analysis will be perhaps most interesting in the simplest case V (X i ) = const., i.e. for a flat spacetime.
Shift of the light-cone coordinates. We can consider changing the gauge parameters a →ā = a − δa and b →b = b − δb introduced above. This changes the form of the light-cone components of the metric. It is insightful to consider two simple cases. Let us first consider changing b → b − δb. In terms of the new light-cone coordinates, the original metric now gives light cone components
We can see that, up to rescaling X + , we have a simple change of the potential V (X i ). The most interesting case, and the one related to T T deformations, is changing a → a − δa, which we do for simplicity at b = 1/2. This gives
where we suppressed the X i -dependence in V .
9 Such a B-field plays an important role in particular in AdS3/CFT2 [64] [65] [66] where they allow for a particularly simple exact S matrix [24, 25, 27, 67] .
Hamiltonian and spectrum of the deformed theories
Let us now fix light-cone gauge with X + = τ and p − = 2 (for b = 1/2). The Hamiltonian can be easily found from the Virasoro constraints [35] 
whereX − = −p iX i /2. This is not a particularly transparent equation. However, expanding in the deformation parameter we recover 6) which is the free pp-wave Hamiltonian at δa = 0, corrected by quartic interaction terms a leading order in δa.
Spectrum of the deformed theory
The spectrum of the deformed theory can be found in principle from the Hamiltonian (4.5). However, it is simplest to derive this from the form of the deformed S-matrix. The undeformed theory at δa = 0 is free. The dispersion relation is
where c depends on the string tension, and the S-matrix is the identity. Hence the spectrum, for b = 1/2 and a = 0, is fixed by the quantisation condition 8) subject to the level-matching constraint j n j = 0 so that
If we consider the deformed theory we have that the quantisation condition is modified by 10) so that for the energy we have The case of flat space. The above equation cannot be solved in closed form unless µ i = 0, which is the flat-space case. In that case we have ω(p) = c|p|, so that we can introduce left-and right-movers with
Hence we get the familiar equation
where we used that N = N . We recover the fact that going from a = 0 to a = 1/2, with δa = 1/2, sends us from the free pp-wave geometry ds 2 = 4dX + dX − + dX i dX i to the flat-space one, where indeed E = J 2 + 8π c N . (4.14)
Geometric interpretation of the shift
We have seen that a transformation with δa = 1/2 sends us from a metric of the form
to one of the form
Both these metrics define flat spaces, yet the string spectra are substantially different. This is because the two resulting manifolds, despite being locally isomorphic, are globally different unless we define non-trivial boundary conditions for the metric (4.15 
Under a true diffeomorphism we would have a different embedding
We can conclude that the linear transformation Y + = X + − 2δa X − which relates (4.16) to (4.15) is not a diffeomorphism unless we correctly keep track of the boundary conditions of the fields, see figure 1 . The difference will become even more transparent in static gauge, as we shall see in the next section.
TsT-deformed geometry
If the take the view that a deformation a →ā = a−δa should be seen from the static gauge, then the background undergoes a TsT transformation. Starting from the geometry (4.1), we would like to T dualize in X − . This however is problematic since X − is null. Fortunately this problem disappears for any other member of our family of deformed backgrounds. Put differently, we want to consider the TsT transformation of a T dual of a background, but since two of the T dualities cancel out, we are really just considering an "sT" transformation, and after the shift we no longer have issues with null coordinates. Indeed, if we shift our coordinates as in (3.8) we obtain
As long as δa is nonzero, Y − is not null. T dualising in Y − now gives
This is our TsT transformed background. 10 The problem in the geometry at δa = 0 reflects our inability to T dualize in a null direction. Taking this geometry and fixing a static gauge, by definition gives the gauge fixed Hamiltonian density of (4.5), which is nevertheless finite (and free) at δa = 0. In the flat-space case, where V = const., we get the flat Minkowski metric with an overall scale in front of Y + , Y − and a constant B-field. Once again this affects the spectrum when we impose the static gauge conditions.
Conclusions and outlook
The uniform light-cone gauge formalism for string theory [32] [33] [34] allows one to readily construct T T deformations of various models [11, 24, 36, 37] . This starts by uplifting the original model to a reparametrisation-invariant model two higher dimensions, and then gauge-fixing this invariance appropriately. In this paper we asked what happens to this uplifted geometry under a T T deformation, i.e. what the T T deformation of a (string) sigma model is. Operatively, we tune the would-be gauge parameter in the worldsheet Lagrangian only, and not in the identification of conserved charges or volume R of the model. The effect of this deformation is subtle from the point of view of the original geometry for our lightcone gauge picture, but becomes more transparent when taking a T-dual point of view [45] , where we exchange light-cone gauge for static gauge fixing. In the T-dual frame, a T T deformation affects the local geometry directly, taking the form of a TsT transformation. 11 This TsT picture then also gives a natural interpretation to the T T CDD factor as a Drinfel'd-Reshetikhin twist of the S-matrix; this is particularly transparent thanks to the static-gauge identification of target-space charges with worldhseet momentum and energy. We illustrated these ideas on a simple class of pp-wave backgrounds. Computationally, for the purpose of generating deformed Lagrangians, this static-gauge approach is equivalent to the uniform ligth-cone gauge treatment of refs. [11, 24, 36, 37] ; conceptually however, we feel that it further clarifies why T T deformations are so intimately related to gauge-fixed sigma models, and may help further uncover some of the features of this important class of deformations. It would be interesting to extend this approach to include fermions and to consider fully-fledged supergeometries. The first steps have been taken while investigating the relation between T T and supersymmetry, as well as in ref. [36] for more general theories. However, a complete analysis of such a setup, including the role of κ-symmetry, has not yet been performed. It would also be interesting to extend this analysis to the non-relativistic deformations of refs. [38] [39] [40] [41] [42] [43] [44] , which can indeed be understood in the framework of lightcone gauge [37] , and further explore its relation with null dipole-deformed CFT [68, 69] , which can indeed be understood in AdS/CFT by means of TsT transformations involving light-cone directions.
Anther especially interesting case is that of integrable string sigma models. Here, the T T CDD factor can be readily taken into account in their Bethe ansatz (and eventually thermodynamic Bethe ansatz). As we saw, in the special case of flat space, the T T deformation can trivialize the S matrix. In general, however, the S matrix will remain nontrivial, and be nontrivially modified. This is certainly the case for all integrable string backgrounds involving Ramond-Ramond fluxes, where the form of the light-cone symmetry algebra fixes the S-matrix to be non-diagonal. 12 Still, it would be interesting to study the corresponding deformations of (the T duals of) such integrable backgrounds, as at least we have good 11 In this paper we only discussed NSNS backgrounds explicitly, but RR fields can of course be added and TsT transformed. 12 The relationship between light-cone symmetry algebra and the integrable S matrix was originally worked out for AdS5 × S 5 in refs. [61, 70] .
control over the spectral problem. As an illustration, for AdS 2 ×S 2 in global coordinates
with isometry coordinates t and φ as input for the light-cone coordinates, the dual deformed geometry takes the form where deform away from a = 0. 13 As the T T deformation preserves integrability, it would be interesting combine it with other integrable deformations of strings, such as Yang-Baxter deformations [71] . These, as a nice contrast, contain TsT transformation of the direct (as opposed to T-dual) geometry [72] . Among the integrable AdS/CFT setups, the case of AdS 3 backgrounds deserve a special discussion. In that case, backgrounds can be supported by a mixture of Ramond-Ramond (RR) and Neveu-Schwarz-Neveu-Schwarz (NSNS) fluxes (see ref. [73] for a review of integrability in this setup). The kinematics depends both on the RR strength h and the NSNS strength k and takes the form [74] [75] [76] 
When no RR fluxes are present, h = 0 and k ∈ N is the level of the sl(2) ⊕ su(2) supersymmetric Wess-Zumino-Witten (WZW) model; we see from ω i (p) that the model is chiral, even after gauge fixing. Moreover, it can be checked that the perturbative worldsheet S matrix is proportional to the identity, and takes a universal dependent on the chirality of the scattered particles (but not on the masses m i ) [27, 67] This allows to solve for the spectrum in closed form [24, 25, 27] along the lines of what we did from flat space in section 4.2. However, the scattering cannot be completely trivialised by a T T deformation. 14 On the other hand, for this theory it also possible to consider a T T deformation of the dual conformal field theory. It was proposed [21, 22] that these too can be studied on the worldsheet, namely that a T T deformation on the boundary 13 Unlike the pp-wave example of the last section, here we generically never encounter a null direction in the T duality. Of course we can see the problem reappear by setting r, ρ → 0 and taking δa = −1/2. 14 This is because in this case p1ω(p2) − p2ω(p1) = ±2p1p2, nor does it vanish for same-chirality scattering-a fact that is crucial in order to reproduce the spectrally-flowed sectors of the WZW description, see refs. [25, 27] .
should correspond to a JJ deformation on the worldsheet (which can be then analysed by worldsheet-CFT tools). Quite interestingly, such JJ deformations can also be understood as TsT transformations [77] . This points to the fact that in pure-NSNS AdS 3 /CFT 2 , a rich interplay between these two types of deformations arises, which is yet to be explored. We hope to revisit some of these questions in the near future.
